Self-consistent field theory of polarized BEC: dispersion of collective
  excitation by Andreev, P. A. & Kuz'menkov, L. S.
ar
X
iv
:1
20
1.
24
40
v2
  [
co
nd
-m
at.
qu
an
t-g
as
]  
7 M
ay
 20
13
Self-consistent field theory of polarized BEC: dispersion of collective excitation
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We suggest the construction of a set of the quantum hydrodynamics equations for the Bose-Einstein
condensate (BEC), where atoms have the electric dipole moment. The contribution of the dipole-dipole
interactions (DDI) to the Euler equation is obtained. Quantum equations for the evolution of medium
polarization are derived. Developing mathematical method allows to study effect of interactions on the
evolution of polarization. The developing method can be applied to various physical systems in which
dynamics is affected by the DDI. Derivation of Gross-Pitaevskii equation for polarized particles from the
quantum hydrodynamics is described. We showed that the Gross-Pitaevskii equation appears at condition
when all dipoles have the same direction which does not change in time. Comparison of the equation of
the electric dipole evolution with the equation of the magnetization evolution is described. Dispersion of
the collective excitations in the dipolar BEC, either affected or not affected by the uniform external electric
field, is considered using our method. We show that the evolution of polarization in the BEC leads to the
formation of a novel type of the collective excitations. Detailed description of the dispersion of collective
excitations is presented. We also consider the process of wave generation in the polarized BEC by means
of a monoenergetic beam of neutral polarized particles. We compute the possibilities of the generation of
Bogoliubov and polarization modes by the dipole beam.
I. INTRODUCTION
After obtaining the Bose-Einstein condensate (BEC) in
experiments with vapors of alkaline metal atoms, theoreti-
cal and experimental investigation of linear waves and non-
linear structures in the BEC have been performed. In recent
years the interest to the polarized BEC has been increasing.
It is connected with recent experimental progress in cool-
ing of polarized atoms and molecules. At present day the
BEC with magnetic polarization is realized on atoms 52Cr.
There are a lot of attempt of experimental obtaining of the
electrically polarized BEC (see reviews [1]- [4]). For this
aim, Bose molecules having the electric dipole moment
have been cooled. Particular interest to the electrically po-
larized BEC brought because of large dipole-dipole scatter-
ing length, and thereby because of both the big magnitude
and large distance of interaction in compare with analogous
quantities for the magnetized BEC.
Many processes in quantum systems are determined by
the dynamics and the dispersion of collective excitations
(CE) [5]. The law dispersion of the CE in the degener-
ate dilute Bose gas was obtained by Bogoliubov in 1947
[6, 7]. Many authors studied the change of the Bogoliubov
spectrum which arises when the short-range interaction ac-
counted more carefully [8]- [14], or geometry of the sys-
tem is complex [15], [16], [17]. In papers [18]- [22]
authors studied the influence of the electric dipole moment
(EDM) dynamics on the dispersion of the CE in the BEC.
The contribution of polarization in the dispersion law of the
Bogoliubov mode was obtained in Ref.s [18]- [22]. Insta-
bility of the Bogoliubov spectrum in the 3D dipolar BEC
(DBEC) with the repulsive short-range interaction (SRI)
was shown in Ref.s [18]- [20]. U. R. Fisher [21] ob-
tained that the Bogoliubov mode in the 2D DBEC is stable
for a wide range of system parameters. There are also re-
view papers [2]- [4], where various aspects of physics of
the polarized BEC were considered. In this paper we are
interested in possibility of the polarization wave existence
in the DBEC, i.e. in existence of new type of the CE. Dy-
namics of polarization is interesting not for the quantum
gases only, but in the solid state physics and the physics
of low-dimensional systems too. The polarization waves in
the low dimensional and the multy-layer systems of con-
ductors, dielectrics, and semiconductors are considered in
the papers [23, 24]. Analogously, in the BEC of molecules
having the EDM we expect the existence of a polarization
wave along with the Bogoliubov mode.
For investigation of the BEC, in system of particles with
the EDM or the magnetic moments, various theoretical
methods are used. One of the ways of theoretical descrip-
tion of the polarized BEC is the generalization of well-
known Gross-Pitaevskii (GP) equation [25]- [29]. In this
way next papers were made: for the spinor BEC [30–32],
for the effect of magnetic moment on the BEC evolution
[32]- [41] and for the influence of electrical polarization of
atoms on the dynamic processes in the BEC [32]- [42].
Dipolar fermions also attract a lot of attention [43], [44].
The same generalization of the GP equation is usually
used for the magnetic moments and the electric dipoles:
ı~∂tΦ(r, t) =
(
−~
2∇2
2m
+µ(r, t)+Vext(r, t)+g | Φ(r, t) |2
+ d2
∫
dr′
1− 3 cos2 θ′
|r− r′|3 | Φ(r
′, t) |2
)
Φ(r, t). (1)
In equation (1) following designation are used: Φ(r, t) is
the macroscopic wave function, µ is the chemical potential,
Vext is the potential of external field, g is the constant of
short-range interaction, d is the dipole electric moment of
2single atom, m is the mass of particles and ~ is the Planck
constant divided by 2pi.
Along with the GP equation the method of quantum hy-
drodynamics (QHD) is also used. The method of QHD
[14], [45], [46] was used for investigations of various
physical systems, particularly for the BEC [14], [47] and
the polarization waves in conductors and semiconductors
[23]. Therefore, the method of QHD could be used to con-
sider the possibility of arising polarization waves in the
BEC and calculate of the dispersion law of these waves.
At interpretation of the DDI in the quantum gases (QG)
used the notion of the scattering length (SL) and the first
Born approximation (FBA), analogously to the SRI de-
scribed by the fourth term in the right-hand side of equa-
tion (1). Therefore, the problem reduces to the process of
scattering. Different approximations based on scattering
process was analyzed in Ref. [48]. Particularly, where
were considered condition of the FBA using and presented
generalization of the GP equation for the scattering of po-
larized atoms beyond the FBA.
Considering the QHD we do not formulate the scatter-
ing problem. We do not need to limit ourselves to a scat-
tering process, because we are interested in interaction be-
tween atoms including interaction between several atoms
at the same time. This statement is especially important
for the polarized atoms because of the long-range inter-
action between dipoles. Each act of interaction between
dipoles could be considered as the scattering process for
system of particles with a low concentration. This approx-
imation is possible as for the neutral polarized particles as
for the charged particles. The kinetic theory for the last
case was developed by L. D. Landau in 1936 [49]. Lan-
dau constructed collision term for the Coulomb particles,
using analogy with the Boltzmann equation. The Landau
collision integral depends on a scattering cross section. In
this connection he considered the problem of the scatter-
ing of charged particles on small angles, that is suitable
for rare systems. Strictly speaking, for particles with the
long-range interaction the conception of the self-consistent
field is more suitable. This conception was suggested by
A. A. Vlasov in 1938, for system of the charged particles
[50]. In fact, group of particles moves in the field of their
neighbors, but state of motion of the neighbors depends on
motion of this group of particles as well (This picture of
interaction is described on Fig. 1). According to this idea
Vlasov proposed a kinetic equation for the charged parti-
cles called the Vlasov equation. Actually the Landau colli-
sion integral and the Vlasov equation are the two opposite
branches of a hypothetical general theory. In this paper
we follow to the Vlasov approximation and derive the self-
consistent field theory for the dipole-dipole interaction in
the quantum gases. From this point of view, there is no
need to consider the first Born approximation or scattering
process. In Appendix B to this paper we present derivation
of the GP equation for polarized particles from the QHD
equations. We did it at the condition that dipoles are par-
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FIG. 1. (Color online) The figure presents the picture of the self-
consistent interaction between dipoles. Total polarization of re-
gion 2 (red) interacts with total polarization of region 1 (green).
Changing the extreme point of a radius vector (or shifting the re-
gion 2) we can scan whole space. In this way we obtain action
of external dipoles on region 1. Changing position of region 1
and repeating described operation we obtain action of surround-
ing dipoles on each region of space. This is a picture of the self-
consistent interaction in fixed moment of time and this picture
governs an evolution of polarization in system. This picture of
interaction is typical for the classic physics, where we need to ob-
tain smooth functions describing collective motion. For this aim
is necessary to average the collective variables at the physically
infinitesimal volume (sketched circle). In quantum mechanics,
where the particle concentration, polarization of medium, etc, are
defined via wave function and we can consider described picture
on interaction of separate particle instead of space regions.
allel each other and to an external field, they directions do
not oscillate or vibrate around an equilibrium direction.
Other methods were also applied for investigation of the
polarized BEC and other systems of particles having the
EDM, along with the GP equation. A hydrodynamic for-
mulation of the Hartree-Fock theory for particles with the
significant EDM is considered in Ref. [51]. The Euler-
type equation was derived in paper [51], from the evolu-
tion of the density matrix. The EDM dynamics in dimer
Mott insulators causes the rise of the low-frequency mode
[52]. The spectrum of single-particle excitations and long-
wave-length collective modes (zero sound) in the normal
phase were obtained [53] in the Hartree-Fock approxi-
mation, which treats direct and exchange interactions on
an equal footing. Minimal coupling model for description
of spatial polarization changing on the BEC properties is
constructed in Ref. [54]. The density functional method
was used for the polarized quantum gas studying in Ref.
[55]. The Hubbard model for the polarized BEC is used
too [56]. A two-body quantum problem for the polar-
ized molecules is analyzed in [57]. The existence of states
with spontaneous interlayer coherence has been predicted
in [58] in systems of the polar molecules. Calculations,
in [58], were based upon the secondary quantization ap-
proach, where the Hamiltonian accounts for the molecular
rotation and the dipole-dipole interactions. Superfluidity
3E
FIG. 2. (Color online) The figure shows motion of dipoles with-
out changing of direction of dipoles during motion. Dipoles stand
at temperature equal to zero T = 0 and in external uniform static
electric field E. This picture describes particles in two different
moments of time. White dipoles presents system in the first mo-
ment of time, and violet dipoles are present system in the next
moment.
anisotropy of polarized fermion systems was shown in [59]
and their thermodynamic and correlation properties were
investigated [60]. The effect of the EDM on a system of
cooled neutral atoms which are used for the quantum com-
puting and quantum memory devices was analyzed in Ref.
[61].
The characteristic property of the BEC in a system of
excitons inducing in semiconductors [62] is a significant
value of the exciton EDM. This leads to strong interaction
of excitons with an external electric field and emergence of
the collective DDI in exciton systems. The QHD method
may be applied to such systems along with quantum kinet-
ics based on the nonequilibrium Green functions [63] or
the density matrix equations [64].
Notable success has been reached in the Bose condensa-
tion of dense gases [65, 66]. Consequently, we need the
detailed account of the short range interaction for inves-
tigation of the EDM dynamics. In this work we account
the SRI up to the third order on interaction radius (TOIR)
[14]. This approximation leads to nonlocality of the SRI
[14], [67]- [70].
Electrically polarized BEC can interact with the beam of
charged and polarized particles by means of the charge-
dipole and the dipole-dipole interaction. These interac-
tions lead to transfer of energy from the beam to medium
and, consequently, to generation of waves. In the plasma
physics, the effects of generation of waves by electron [71]
or magnetized neutron [72, 73] beam are well-known.
When we use term beam we also mean stream of particles
excited in the considered system, along with an external
beam of particles passing through the system. In presented
paper we consider similar effect in the polarized BEC.
At our treatment we derive and use the QHD equations
for polarized particles. Set of the QHD equations consists
of the continuity equation, the momentum balance equation
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FIG. 3. (Color online) The figure presents the change of polar-
ization density at movement of dipoles in the absence of dipoles
direction evolution.
(the Euler equation), the equation of polarization evolution
and equation of polarization current evolution. We present
first principles derivation of this equation. For this purpose
we use the many-particle Schro¨dinger equation. We ana-
lytically calculate the dispersion properties of the DBEC.
We show that the dynamics of the EDM leads to existence
of new branch in the dispersion law. Consequently, there
are the waves of polarization in the DBEC, along with the
Bogoliubov mode. We obtain contribution of the DDI to
the dispersion of the Bogoliubov mode. Then, we consider
the process of wave generation in the DBEC by means of
a monoenergetic beam of neutral polarized particles. We
suggest new method of generation of both the Bogoliubov
mode and the polarization wave. This paper is an extension
and result of processing of our previous paper [74], where
a brief description of the same results and ideas were pre-
sented. Some ideas were also described in Ref. [75].
This paper is organized as follows. We introduce the
model Hamiltonian in Sec. II, and present the momentum
balance equation. Further, in Sec. II, we derive equations
of the polarization evolution and obtain the influence of
the interactions on the evolution of polarization. In Sec.
III we calculate the dispersion dependence of the CE in the
DBEC. The polarization evolution is taken into account.
We obtain the contribution of polarization in dispersion of
the Bogoliubov mode and show the existence of new wave
solution. We consider high frequency excitation appearing
at large equilibrium polarizations. We also present calcula-
tions for the wave of polarization at constant concentration.
In Sec. IV we study the wave generation in the polarized
BEC by means of the neutral polarized particle beam. In
Sec. V we present the brief summary of our results. App.
A. contains detail of derivation of equations of polarization
evolution. In App. B. derivation of the GP equation for
polarized particles is presented. In App. C. we consider
distinction of evolution of spinning particle from the parti-
cles having EDM.
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FIG. 4. (Color online) The figure describes how the polarization
direction perturbation propagates through the system of particles.
We consider system of dipoles at T = 0 and being in an ex-
ternal uniform electric field. Upper picture shows that if at the
first moment there is a perturbation of the EDM, in next moment,
this perturbation passes to several neighbors. At lower picture,
particles in two different moments of time are described. White
dipoles presents system in the first moment of time, when one
dipole is perturbed only, but violet dipoles present system in the
next moment.
THE MODEL
The term describing DDI in the GP equation, for both
the EDM and the magnetic moment, is interpreted via the
dipole scattering length (DSL) add. The GP equation does
not contain information about evolution of the dipole direc-
tion. Changing of the dipole direction appears due to the
interaction. If we have an external static uniform electric
field, at close to zero temperatures, all dipoles will be di-
rected parallel to the external field. At low temperatures,
there is no temperature disorientation of dipoles and we
have system of parallel dipoles, as it is shown on Fig. 2.
In such systems, there are two type of dipoles motion. The
first one is a motion, where the direction of dipoles pre-
serves (see Fig.s 2, 3). The DDI leads to anisotropy of
interaction in the BEC. At such form of motion the polar-
ization is changed accordingly to the particle concentration
E 654321
FIG. 5. (Color online) The figure presents the oscillation of the
EDM near of the equilibrium position which defined by the ex-
ternal electric field E. Indexes 1-6 present the different moments
of time t1 < t2 < ... < t6. This figure describes mechanism of
the polarization change due to oscillations of the EDM of each
particle in the system. This mechanism might reveal along with
rotation of the EDM. Incoherent motion of the EDMs which is
combination of rotation and oscillation is presented on Fig. 4(b).
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FIG. 6. (Color online) The figure presents the two dipoles with
the EDM turned in different directions. At propagation of per-
turbation through the system relative directions of dipoles is
changed. This lied to change of force of interaction in concor-
dance with potential of the DDI (2). In Appendix B we shown
that the GP equation describes motion for parallel dipoles only.
P(r, t) = dn(r, t), where d is the EDM of single particle,
this motion is depicted on the Fig. 3. The second type of
motion is a motion of dipoles including change of dipole
direction described on the Fig.s 4, 5. Perturbation of dipole
direction can be caused by both external influence and lo-
cal fluctuation of direction of other dipoles produced by
the DDI. In consequence of the DDI, a perturbation will
propagate through the system. Particularly, this propaga-
tion might have wave nature. We need to know how polar-
ization of system evolves in different point of space during
the time for description of such motion. Therefore we need
to derive equations describing the evolution of polarization
field and accounting influence of interaction on this evolu-
tion.
In this case dipoles in different areas of space have dif-
ferent directions Fig. 6 and it reflects on interaction via an-
gle dependence under integral in the GP equation (1). Still,
this equation does not contain information about propaga-
tion of dipoles direction perturbation.
At studying we pay attention for the SRI and DDI. We
also consider the action of external fields on particles. We
consider the action of external electric field on dipoles in
explicit form and the external field describing trap pre-
sented in general form by trapping potential Vtrap(ri, t).
We used quasi-static approximation for the DDI. The
quasi-static approximation means that we consider inter-
5action between dipoles at fixed moment of time as they are
motionless. The DDI leads to change of state of motion,
and, in particularly, to variation of dipole direction. Then,
we talk about change of direction we mean both the varia-
tion during precession around of rotation axis and deviation
of rotation axis direction. Described approximation is an
analog of the Coulomb interaction, where interaction be-
tween moving charges approximately described by means
of interaction potential of motionless charges, this approxi-
mation usually used for description of non-relativistic plas-
mas [78].
Explicit form of the Hamiltonian of considering system
in the quasi-static approximation is
Hˆ =
∑
i
(
1
2mi
pˆ2i − diEi,ext + Vtrap(ri, t)
)
+
1
2
∑
i,j 6=i
(
Uij − dαi dβjGαβij
)
. (2)
The first term in the Hamiltonian is the operator of the
kinetic energy. The second term presents the interaction
between the dipole moment dαi and the external electri-
cal field. The subsequent terms present the short-range
Uij and the dipole-dipole interactions between particles,
respectively. The Green function of the dipole-dipole in-
teraction reads as Gαβij = ∇αi ∇βi (1/rij).
For investigation of the CE dynamics in the polarized
BEC we derive set of the QHD equations. This system
of equations consists of the continuity equation, the Euler
equation and, for the case of polarized particles, the equa-
tions of polarization evolution and equations of field (the
Maxwell equations). The system of equations is derived
by methods described in Ref. [14].
The first equation of the QHD equation set is the conti-
nuity equation
∂tn(r, t) + ∂
α(n(r, t)vα(r, t)) = 0. (3)
The momentum balance equation for the polarized BEC
appears as
mn(r, t)(∂t + v∇)vα(r, t) + ∂βpαβ(r, t)
− ~
2
4m
∂α△n(r, t) + ~
2
4m
∂β
(
∂αn(r, t) · ∂βn(r, t)
n(r, t)
)
= Υn(r, t)∂αn(r, t) +
1
2
Υ2∂
α△n2(r, t)
+ P β(r, t)∂αEβ(r, t), (4)
where
Υ =
4pi
3
∫
dr(r)3
∂U(r)
∂r
, (5)
and
Υ2 ≡ pi
30
∫
dr(r)5
∂U(r)
∂r
. (6)
In equation (4) we defined a parameter Υ2 as (6). This
definition differs from the one in the paper [14]. Terms
proportional to ~2 appear as a result of using of quantum
kinematics. The first two terms in the right-hand side of the
equation (4) are the first terms of expansion of the quantum
stress tensor. They occur because of taking into account of
the SRI potential Uij . The interaction potential Uij de-
termines the macroscopic interaction constants Υ and Υ2.
The last two terms in the equation (4) describe force fields
that affect the dipole moment in a unit of volume as the ef-
fect of the external electrical field and the field produced
by other dipoles, respectively. The last term is written
using the self-consistent field approximation [45], [23].
pαβ(r, t) is the kinetic pressure tensor, which depends on
the thermal velocities of particles and does not contribute
into the BEC dynamics at temperatures near zero.
The first order of the interaction radius interaction con-
stant for dilute gases has the form
Υ = −4pi~
2a
m
, (7)
where a is the scattering length (SL) [7, 14]. The value Υ2
may be expressed approximately as
Υ2 = −θa
2Υ
8
, (8)
where θ is a constant positive value about 1, which depends
on the interatomic interaction potential. Finally, Υ2 takes
the form
Υ2 = −piθ~
2a3
2m
. (9)
We have also equations of field
∇E(r, t) = −4pi∇P(r, t), (10)
and
∇× E(r, t) = 0, (11)
which are the Maxwell equation.
In the case of particles having no dipole moment, the
continuity equation and the momentum balance equation
form a closed set of equations. When the dipole moment
is taken into account in the momentum balance equation,
a new physical value emerges, it is the polarization vector
field Pα(r, t). Thus, the set of equations is not closed.
Next equation we need for studying of the CE dispersion
is the polarization evolution equation
∂tP
α(r, t) + ∂βRαβ(r, t) = 0, (12)
where Rαβ(r, t) is the current of polarization.
Equation (12) does not contain information about the ef-
fect of the interaction on the polarization evolution. An
6evolution equation of Rαβ(r, t) can be obtained by anal-
ogy with the equations derived above. Method of the equa-
tions derivation is described in Appendix A. Using the self-
consistent field approximation for the dipole-dipole inter-
action we obtain an equation for the polarization current
Rαβ(r, t) evolution
∂tR
αβ(r, t) + ∂γ
(
Rαβ(r, t)vγ(r, t)
+Rαγ(r, t)vβ(r, t)− Pα(r, t)vβ(r, t)vγ(r, t)
)
+
1
m
∂γrαβγ(r, t)− ~
2
4m2
∂β△Pα(r, t)
+
~
2
8m2
∂γ
(
∂βP
α(r, t)∂γn(r, t)
n(r, t)
+
∂γP
α(r, t)∂βn(r, t)
n(r, t)
)
=
1
m
Υ∂β
(
n(r, t)Pα(r, t)
)
+
σ
m
Pα(r, t)P γ(r, t)
n(r, t)
∂βEγ(r, t), (13)
where rαβγ(r, t) represents the contribution of thermal
movement of polarized particles into the dynamics of
Rαβ(r, t). As we deal with the BEC, the contribution of
rαβγ(r, t) may be neglected. The last term in the for-
mula (13) includes both external electrical field and the
self-consistent field created by particle dipoles. This term
contains numerical constant σ. Approximations used in
formula (13) are described in Appendix A. The first term
in the right-hand side of equation (13) describes the short-
range interaction.
We can see various interactions are included in the equa-
tions (4) and (13) additively. At short distances among par-
ticles the SRI and the dipole-dipole interaction act together.
At large distances dipole-dipole interaction remains only.
We can see from equation (13) that change of the polar-
ization arises from both the dipole-dipole interaction and
the short range interaction. The SRI among particle leads
to displacement of particles. Consequently, as particles
have the EDM, there is motion of the EDM. Therefore,
there is evolution of Rαβ(r, t).
The terms proportional to ~2 have the quantum origin.
They are analogs of the Bohm quantum potential in the mo-
mentum balance equilibrium.
In the Appendix C we consider the difference between
equations of electrical and magnetic polarization evolution.
The QHD of spinning particles with spin-orbit interaction
were developed in Ref. [73] for system of charged parti-
cles, however, obtained where force field can be used for
neutral quantum gases too.
COLLECTIVE EXCITATIONS IN THE POLARIZED BEC
We can analyze the linear dynamics of the collective
excitations in the polarized three dimensional BEC using
the QHD equations (3), (4), (10), (12) and (13). Let’s as-
sume that the system is placed in an external electrical field
E0 = E0ez. The values of concentration n0 and polariza-
tion P0 = κE0 for the system in an equilibrium state are
constant and uniform and corresponding values of the ve-
locity field vα(r, t) and tensor Rαβ(r, t) equal to zero.
We consider small perturbations of the equilibrium state
as
n = n0 + δn, v = 0 + v, E = E0 + δE,
Pα = Pα0 + δP
α, Rαβ = 0 + δRαβ . (14)
Substituting these formulas in equations (3), (4), (12), (13)
and (10) and neglecting nonlinear terms, we obtain a sys-
tem of linear homogeneous equations in partial derivatives
with constant coefficients. Passing to the following repre-
sentation for small perturbations δf
δf = f(ω, k)exp(−ıωt+ ıkz)
yields the homogeneous system of algebraic equations,
where we consider wave propagation along the external
elctric field. In this case the equilibrium polarization gives
maximum contribution. The electric field strength is as-
sumed to have a nonzero value. Expressing all the quanti-
ties entering the system of equations in terms of the electric
field, we come to the equation
Λ · δEz = 0,
where
Λ = ω2 − ~
2k4
4m2
+
Υk2n0
2m
+ 4piσ
P 20 k
2
mn0
− 2piΥk
4P 20
m2ω2 − ~2k4/4 +mΥk2n0 −mΥ2k4n0 .
In this case, the dispersion equation is
Λ = 0.
Solving this equation with respect to ω2 we obtain the fol-
lowing results.
The dispersion characteristic of the CE in the DBEC can
be expressed in the form of
ω2 =
1
2m
(
−3
2
Υn0k
2 +
~
2k4
2m
+Υ2n0k
4 + 4piσ
P 20 k
2
n0
±
√(
1
2
Υn0k2 −Υ2n0k4 + 4piσP
2
0 k
2
n0
)2
− 8piΥk4P 20
)
.
(15)
In contrast to the non-polarized BEC, where the Bogoli-
ubov mode exists only [6, 7, 14], a new wave solution
7FIG. 7. (Color online) The figure presents the dependence of
reduced frequency ξ on the wave vector k and DSL add/|a| for
the Bogoliubov mode. We use lg k, where k measured in cm−1.
Figure is obtained for the repulsive SRI a > 0, Υ < 0, |a| = 10−7
cm, n0 = 10
14 cm−3, σ = 1, θ = 1.
appears in the polarized system due to the polarization dy-
namics. The Bogoliubov mode corresponds to a solution of
the equation (15) with minus sign before the square root.
New wave solution is a wave of polarization. In general
case presented by formula (15) the frequency of polariza-
tion wave in the BEC depends on P0 and Υ. To investigate
the BEC polarization effect on the Bogoliubov mode and
the dispersion characteristic of the new solution we ana-
lyze limit cases of the formula (15). If we consider wave
propagation at an angle θ to the direction of the external
field we find that we should put P0 cos θ instead of P0 in
equation (15).
Formula (15) demonstrates that taking into account of
polarization dynamics in the BEC leads to a new solution.
Let us start with the case when contributions of different
term in formula (15) are comparable. In this case we study
dispersion numerically. For this purpose we represent for-
mula (15) in the following form
ξ2 =
(
3
4
a
|a| +
k2
16pin0|a| −
θa3k2
16|a| +
6piσadd
|a|
±
√(
−1
4
a
|a| +
θa3k2
16|a| +
6piσadd
|a|
)2
+
6piadd
a
)
, (16)
where
ξ2 ≡ ω
2
|Υ|n0k2/m,
and we use the length add measures the strength of dipolar
interaction, and defined by formula
add =
mP 20
12pin20~
2
.
FIG. 8. (Color online) The figure presents the dependence of
reduced frequency ξ on the wave vector k for polarization wave at
four different values of the DSL add: add,1 = 0 (red), add,2 = |a|
(green), add,3 = 10|a| (blue), add,4 = 100|a|(black). We use lg k,
where k is measured in cm−1. Figure shows increasing of ξ with
increasing of add. Figure is obtained for repulsive SRI a > 0,
Υ < 0, and |a| = 10−7 cm, n0 = 1014 cm−3, σ = 1, θ = 1.
FIG. 9. (Color online) The figure shows behavior of reduced fre-
quency ξ dependence on wave vector k for both solutions pre-
sented by formula (16). We can see the relative behavior of two
solutions. Upper curve (blue) coincides to solution with sign ”+”
in front of square root (polarization mode) and lower curve (red)
correspond to the one with sign ”-” (the Bogoliubov mode). The
figure presents comparison of the reduced frequencies depen-
dence for the Bogoliubov and polarization modes. We can see
that ξ(k) for polarization mode lie above the Bogoliubov mode.
We use lg k, where k is measured in cm−1. add = |a|, a > 0,
Υ < 0 (repulsion), |a| = 10−7 cm, n0 = 1014 cm−3, σ = 1,
θ = 1.
Above we have discussed that we do not consider the
scattering process, but analogy with the results of other
papers we introduced an effective parameter add describ-
ing contribution of the DDI, although add does not connect
with scattering.
In the following we describe a numerical analysis of
formula (16). Reduced frequency ξ for two waves pre-
sented by formula (16) is exhibited on Fig.s 7 and 8. They
8FIG. 10. (Color online) The figure presents the dependence of
reduced frequency ξ on the wave vector k for the Bogoliubov
mode, a < 0, Υ > 0 (attraction), the DSL add = 0 (Red, the
right-hand one), add = 0.0005|a| (Blue), add = 0.005|a| (Green),
add = 100|a| (Red, the left-hand one). We use lg k, where k is
measured in cm−1. |a| = 10−7 cm, n0 = 1014 cm−3, σ = 1,
θ = 1.
FIG. 11. (Color online) The figure presents the dependence re-
duced frequency ξ on the wave vector k and the DSL add for
polarization mode, a < 0, Υ > 0 (attraction). We use lg k, where
k is measured in cm−1. |a| = 10−7 cm, n0 = 1014 cm−3, σ = 1,
θ = 1.
are obtained for the repulsive SRI (a > 0, Υ < 0) at
a = 10−7cm and n0 = 1014cm−3. These Fig.s show the
reduced frequency ξ(k) for different values of equilibrium
polarization and, consequently, for different DSL add.
Fig. 7 presents solution with sign ”-” in front of the
square root in formula (15), this solution corresponds to
the Bogoliubov mode. For all add/|a| the ξ(k) does not
depend on add/|a|.
Fig. 8 shows strong dependence of the reduced fre-
quency of the polarization mode (”+” in front of the square
root in formula (15)) on equilibrium polarization. On Fig.8
as on other Fig.s this dependence is presented via depen-
dence on the DSL divided on module of the SL of SRI
add/|a|.
The form of ξ(k) for two solutions has similar form. We
FIG. 12. (Color online) The figure presents the dependence re-
duced frequency ξ on the wave vector k for the polarization mode,
a < 0, Υ > 0 (attraction), DSL add = 0 (Red), add = |a| (Blue),
add = 10|a| (Green), add = 100|a| (Brown). We use lg k, where
k is measured in cm−1. |a| = 10−7 cm, n0 = 1014 cm−3, σ = 1,
θ = 1.
present both solutions on Fig. 9 at fixed add/|a| = 1 to
compare. From Fig. 9 we see that the reduced frequency of
polarization mode is larger than one for Bogoliubov mode.
From the Fig.8 we obtain that polarization lead to grow-
ing of the reduced frequency ξ of the polarization mode.
The reduced frequency ξ increases in 6 times at small wave
vectors of order 104cm−1 and for the add = |a|. For the
add = 100|a| increases in 60 times. With increasing of
wave vector the influence of polarization becames smaller.
For example at k = 106cm−1 and add = 100|a| the re-
duced frequency ξ increase just in 1.6 times.
For the case of an attractive SRI in the absence of the
polarization there is instability of the Bogoliubov mode at
small wave vectors. At the presence of small polariza-
tion the Bogoliubov mode remains unstable, but the area
of stability become some wider as it is shown on Fig. 10.
There is fast widening of the region of stability at increas-
ing of add/|a| Fig. 11. Widening starts at approximately
add = 0.02|a|.
For the case of the attractive SRI in the absence of po-
larization there is instability of polarization mode at small
wave vectors (see Fig. 12). At add = 0 we see instabil-
ity of waves at wave vector k below 1.6 · 104cm−1. The
EDM leads to increasing of ξ and fast growing of the re-
gion of stability. The wave is stable up to k = 103cm−1
at add/|a| = 1. Further increasing of add/|a| leads to in-
creasing of ξ up to 64. ξ become equal to 64 at add/|a| ≃
100 and does not change at further increasing of add/|a|.
Comparing Fig.s 10 and 12 we can see that reduced fre-
quency ξ of polarization mode much larger than the Bo-
goliubov mode, as it was for the repulsive SRI.
With increasing of strength of the SRI the role of Υ2
become more important. It’s influence reveals at |a| =
10−5cm for the attractive SRI. In this case, there is in-
stability region at relatively large wave vectors. For de-
9FIG. 13. (Color online) The figure presents the dependence of
the reduced frequency ξ on the wave vector k for the polarization
mode. On this Fig. the region of instabilities is also shown. It
is a region, where we see a gap in curves. Figure obtained for
the attractive SRI (a < 0, Υ > 0), add = 0 (Red), add = 0.1|a|
(Blue), add = 0.2|a| (Green), add = |a| (Black). We use lg k,
where k is measured in cm−1. |a|= 10−5 cm, n0 = 1014 cm−3,
σ = 1, θ = 1.
FIG. 14. (Color online) The figure presents the dependence of
the reduced frequency ξ on the wave vector k for the Bogoliubov
mode, a < 0, Υ > 0 (attraction), the DSL add = 0 (Red), add =
0.1|a| (Black), add = 0.2|a| (Blue), add = 2|a| (Green). We use
lg k, where k is measured in cm−1. |a|= 10−5 cm, n0 = 1014
cm−3, σ = 1, θ = 1.
scribed case the reduced frequency ξ(k) is presented on
Fig.s 13 and 14 at various add/|a|. The region of insta-
bility is shown there. This instability appears because the
expression under the square root in formula (15) became
negative as it shown on Fig. 15.
Below, we analytically consider limit cases of general
dispersion solution (15).
We now proceed to derive a dispersion dependence when
the effect of polarization is small in comparison with the
contribution of the short-range effects, i.e. we consider a
limit when the terms proportional to Υ and Υ2 are compa-
FIG. 15. (Color online) The figure presents the behavior of the
square root in formula (32) (we conditionally designated this
quantity as ”sqrr”) at different values of the wave vector k corre-
sponding to the Fig. 10 at add = 0.1|a|, (square does not depend
on concentration). |a|= 10−5 cm, σ = 1, θ = 1. We use lg k,
where k is measured in cm−1.
rably large. Consequently, formula (15) takes the form
ω2B =
~
2k4
4m2
− Υn0k
2
m
+
Υ2n0k
4
m
− 4piP
2
0 k
2
mn0
Υ(σ − 1)− 2σΥ2k2
Υ− 2Υ2k2 , (17)
and
ω2P =
~
2k4
4m2
− 1
2
Υn0k
2
m
+
4piP 20 k
2
mn0
Υ(σ − 1)− 2σΥ2k2
Υ− 2Υ2k2 , (18)
where we use indexes ”B” for the Bogoliubov mode and
”P” for new polarization mode. At derivation of formulas
(17) and (18) we expanded a sub-radical expression in (15)
and took only first two terms of the expansion to estimate
the influence of polarization on the wave dispersion.
As it follows from equations (12) and (13), changes of
polarization can occur due to the dipole-dipole interactions,
the SRI and the quantum Bohm potential (terms propor-
tional to ~2). This is the reason for existence of other ways
of polarization changing when the contribution of equi-
librium polarization P0 is negligible. In described case,
changes in the polarization do not affect the concentration
evolution in linear approximation.
Formula (15) is valid even in absence of the external
electrical field when equilibrium polarization equals to
zero P0 = 0. In this case, equations (15) appears as
ω2B =
1
m
(
~
2k4
4m
−Υn0k2 +Υ2n0k4
)
, (19)
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and
ω2P =
1
2m
(
~
2k4
2m
−Υn0k2
)
. (20)
The waves of polarization can exist at the absence of ex-
ternal electric field E0 = 0. In this case the equilibrium
state is not polarized and dipole direction of particles is
distributed accidentally.
If the contribution of equilibrium polarization in the
BEC dispersion (15) is comparable to the contribution of
the SRI in the third order by the interaction radius Υ2 (15)
transforms into
ω2B =
~
2k4
4m2
− Υn0k
2
m
+
Υ2n0k
4
m
+ 4pi
P 20 k
2
mn0
, (21)
and
ω2P =
~
2k4
4m2
− 1
2
Υn0k
2
m
+ 4pi
P 20 k
2
mn0
(σ − 1). (22)
Using Feshbach resonance [76, 77] we can tune the SRI
potential that Υ = 0 while Υ2 6= 0. In this situation for-
mula (15) turns into
ω2B =
~
2k4
4m2
+
Υ2n0k
4
m
, (23)
and
ω2P =
~
2k4
4m2
+ 4piσ
P 20 k
2
mn0
. (24)
In this paper we primarily focus on the influence of the
BEC polarization on its dispersion characteristics. So, let
us consider the case when the contribution into the disper-
sion of the SRI at the first order of the interaction radius,
i.e. terms proportional to Υ, is comparable to the contri-
bution of polarization, and their total effect is much larger
than the contribution of terms proportional to Υ2. We find
that formula (15) turns into
ω2B =
~
2k4
4m2
− Υn0k
2
m
(
(σ − 1)
σ
)
, (25)
and
ω2P =
~
2k4
4m2
+ 4piσ
P 20 k
2
mn0
− 1
2
Υn0k
2
m
(
(σ + 4)
2σ
)
. (26)
polarization evolution at constant concentration
The DBEC is the rare gas and we can not use condition
incompressibility, but we consider the case there concen-
tration of particles is not change in time. We are interested
in dynamics of wave of polarization only. For this aim we
need to use equations (12) and (13) at additional condition
n(r, t) = n0 = const. This is means the polarization
changes due to evolution of dipoles direction. Equation of
polarization evolution (12) has no change in this approxi-
mation. Nonlinear terms in equation (13) disappear and the
term describing the SRI simplifies, so we have
∂tR
αβ(r, t) + ∂γ
(
Rαβ(r, t)vγ(r, t)
+Rαγ(r, t)vβ(r, t)− Pα(r, t)vβ(r, t)vγ(r, t)
)
− ~
2
4m2
∂β△Pα(r, t) = n0
m
Υ∂β
(
Pα(r, t)
)
+
σ
mn0
Pα(r, t)P γ(r, t)∂βEγ(r, t). (27)
in the set with equations of field (10) and (11).
Only one wave solution exists in this approximation, it
is the wave of polarization. Its dispersion is
ω2 =
~
2k4
4m2
+
(
4piσP 20
mn0
− n0Υ
m
)
k2. (28)
Formula (28) reduces to
ω2 =
4piσP 20
mn0
k2
than polarization dominates. For the particles with the
EDM equal to 1 Debye at concentration 1012 cm−3 and
wave vector k ≃ 107 cm−1 the frequency ω reach value of
order 106 − 107 s−1.
Dispersion of the 1D and 2D wave of polarization is de-
scribed in Ref. [23].
GENERATION OF WAVES IN POLARIZED BEC
In this section we consider the process of wave genera-
tion in the BEC by means of the beam of neutral polarized
particles. The interaction between the beam and the BEC
has the dipole-dipole origin.
To get the dispersion solution we use the system of the
QHD equations for each sort of particles (3), (4), (12), (13)
and the equations of field (10) and (11). The equilibrium
state of system is characterized by following values of the
BEC parameters:
nB = nB0 + δnB , v
α
B = 0 + v
α
B,
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PαB = P
α
B0 + δP
α
B , R
αβ
B = 0 + δR
αβ
B , (29)
and values of the beam parameters:
nb = n0b + δnb, v
α
b = Uδ
zα + δvαb ,
Pαb = P
α
0b + δP
α
b , R
αβ
b = R
αβ
0b + δR
αβ
b . (30)
The polarization Pα0 is proportional to the external elec-
tric field Eα0 . We consider the case then E0 =
[E0sinϕ, 0, E0cosϕ]. In this case the tensor Rαβ0b has
only two nonzero elements: Rzx0b = R0bsinϕ and Rzz0b =
R0bcosϕ. For the process, under consideration the disper-
sion relation is:
1 + 4pik2
(
P 20
ω2 − ~2k4
4m2
+ Υn0k
2
2m
×
×
(
Υk2/(2m2)
ω2 − ~2k4
4m2
+ Υn0k
2
m
− Υ2n0k4
m
− σ
mn0
)
+
1
(ω − kzU)2 − ~2k44m2
b
×
×
(
2(ω − kzU)P0bkz(P0bU −R0b)
mbn0b
(
(ω − kzU)2 − ~2k44m2
b
) − σbP 20b
mbn0b
))
= 0.
(31)
Using relation P0bU −R0b = 0, we can simplify the equa-
tion (31) and obtain
1 +
ω2D
ω2 − ω21
(
Υn0k
2/(2m)
ω2 − ω22
− σ
)
− σbω
2
Db
(ω − kzU)2 − ~2k44m2
b
= 0. (32)
In this formula the following designations are used
ω21 =
~
2k4
4m2
− Υn0k
2
2m
, (33)
ω22 =
~
2k4
4m2
− Υn0k
2
m
+
Υ2n0k
4
m
(34)
and
ω2Di =
4piP 20ik
2
min0i
, (35)
where i is the index of sorts of particles, the BEC (i = B)
or the beam (i = b).
The equation (32) has two beam related solutions, in the
absence of BEC medium:
ω = kzU ±
√
~2k4
4m2b
+ σbω
2
Db. (36)
We will consider the possibilities of instability for the case
of low-density beam ωDb ∼ n0b → 0. In this case we
can neglect the last term under the square root in (36). The
resonance interaction of beam with the BEC realizing at
kzU ± ~k
2
2mb
= ω(k), (37)
and could lead to instabilities. The quantity ω(k) is the
dispersion of BEC modes (15). The frequency in this case
can be presented in the form
ω = kzU ± ~k
2
2mb
+ δω. (38)
Let us to consider two limit cases.
small frequency shift limit
Under condition
δω ≪ ~k2/m (39)
the frequency shift emerges as
δω2 = ±2σbmbm
2ω2Db(ω
2 − ω21)2(ω2 − ω22)2
ωω2D~Υ
2n20k
6W
, (40)
where
W = 2ω2 − ω21 − ω22 −
2mσ
Υn0k2
(ω2 − ω22)2. (41)
and the frequency ω determined with formula (15). The
instabilities take place when δω2 < 0. The sign of δω2
depends on the sign of W .
For the case resonance interaction of beam with the
waves in BEC there are instabilities, for the first beam
mode in (36) at W < 0 and for the second beam mode
in formula (36) at W > 0. For the polarization mode W
is positive. It means that interaction of polarization mode
with the second beam related mode results in the instabil-
ity. For the Bogoliubov mode the sign of W depends on
σ.
We can consider the following cases:
(i) the contribution of equilibrium polarization to ω(k)
is dominant; then W > 0;
(ii) main contribution in ω(k) gives term proportional
to Υ, and, equilibrium polarization and SRI in the TOIR
approximation are comparable to each other. In this case,
there is a value of σ, designated as σ0, which is
σ0 = 1 +
Υ2n0k
4/m
Υn0k2/(2m) + 2Υ2n0k4/m− 4ω2D
.
The sign of W varies at σ = σ0. The dependence of sign
of W on σ is presented in the Table 1.
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large frequency shift limit
In opposite limit
δω ≫ ~k2/m (42)
we have
δω = ξ 3
√
σbm2ω2Db(ω
2 − ω21)2(ω2 − ω22)2
ωω2DΥ
2n20k
4 | W | , (43)
where ξ equal to ξ1 = 3
√
1 for W > 0 or ξ−1 = 3
√−1 for
W < 0. Explicit form of quantities ξ1 and ξ−1 are
ξ−1 = [−1, −1 + ı
√
3
2
,
−1− ı√3
2
],
and
ξ1 = [1,
1 + ı
√
3
2
,
1− ı√3
2
].
The consideration concerning the sign ofW , reflected in
the table 1, are valid also for the limit condition (42).
From the formulas (40) and (43) we can see that neutral
particles beam leads to instabilities for both the Bogoliubov
and polarization waves.
CONCLUSION
We developed the self-consistent method for description
of the DBEC dynamics. This method accounts effect of
polarization on changes of the particle concentration and
velocity field, which are determined in general by the con-
tinuity equation and Euler equation. We derived the evolu-
tion equations of the polarization and the polarization cur-
rent. The derived equations contain information about the
influence of the interactions on the polarization evolution.
We studied the effect of polarization on the BEC dynam-
ics and influence of the SRI on the polarization evolution.
An expression of the SRI contribution in the equation of
polarization current evolution via concentration, polariza-
tion and the SRI potential Υ = Υ(Uij) was derived. With
the assumption that the state of polarized Bose particles
in the form of BEC can be described with some single-
particle wave function. Changes in polarization due to SRI
TABLE I. In this table the sign of the W are presented for the
Bogoliubov mode when the SRI is prevailed over dipole-dipole
interaction.
Υ>0
attraction
Υ<0
repulsion
σ > σ0 + -
σ < σ0 - +
are shown to be determined at the first order of the interac-
tion radius by the same interaction constant that occurs in
Euler’s equation and Gross-Pitaevskii equation.
The derivation of the GP equation for polarized particles
from the QHD equations was obtained. The conditions of
validity of the GP equation was presented. Comparison of
evolution equation of the electrically polarized BEC and
the magnetized BEC was discussed and differences were
described.
Physical meaning of the self-consistent approximation
was described. Suitability of the self-consistent approx-
imation for electrically polarized BEC was shown. Dis-
tinctions of developed self-consistent approximation for
dipole-dipole interaction from the scattering process are
discussed.
Correct form of the dipole-dipole interaction Hamilto-
nian is discussed. The arguments for choosing of correct
form of Hamiltonian for electric and magnetic dipoles are
presented.
The dispersion of the CE in the polarized BEC was an-
alyzed. We shown that polarization evolution in the BEC
causes a novel type of waves. The effect of polarization on
the dispersion of the Bogoliubov mode and the dispersion
of a new wave mode were studied.
We shown the possibility of wave generation in the po-
larized BEC by means of the monoenergetic beam of neu-
tral polarized particles.
APPENDIX A
Correct form of Hamiltonian for dipole-dipole interaction
At derivation of the QHD equations we need to write
explicit form of the Hamiltonian of dipole-dipole interac-
tion. In some works the dynamics of the magnetic dipole
moment and of the EDM [32, 79] are analyzed in similar
ways. Usual expression of the Hamiltonian for the dipole-
dipole interaction for the electric and the magnetic dipoles
equals
Hdd =
δαβ − 3rαrβ/r2
r3
dα1d
β
2 . (44)
Generally speaking the Hamiltonian for the spin-spin and
the electric dipole-dipole interaction are different, and they
also differ from (44). All Hamiltonians contain a term pro-
portional to the Dirac delta function. These terms have dif-
ferent numerical coefficient for two kind of BECs. In this
paper for interaction of electric dipoles we used following
Hamiltonian
Hdd = −∂α∂β 1
r
· dα1 dβ2 ,
which follows from potential of the electric field caused by
electric dipole [84]. There is well-known identity
− ∂α∂β 1
r
=
δαβ − 3rαrβ/r2
r3
+
4pi
3
δαβδ(r), (45)
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so we can see the difference between usually using Hamil-
tonian and one’s used in this paper. The corrections of our
selection followed from the fact that the equations obtained
in the paper coincide to the Maxwell equations. Derivation
of the QHD equations in the self-consistent approximation
leads to field equation (10) and (11), we rewrite them here
∇E(r, t) = −4pi∇P(r, t), (46)
and
∇× E(r, t) = 0, (47)
but if we used Hamiltonian (44) we would obtain
∇E(r, t) = 8pi
3
∇P(r, t), (48)
instead of (46). Using formula (44) leads to non-fulfilment
of equation (47).
It has been shown by Breit [81] that the Hamiltonian
for the spin-spin interaction contains a term proportional
to the Dirac δ-function δ(r1 − r2)dα1 dβ2 along with (44).
The coefficient at the δ function was refined later [82], so
it was shown that the Hamiltonian is in according with the
Maxwell equations (46), (47). The conclusive expression
for the spin-spin interaction Hamiltonian appears as
Hµµ = −
(
4piδαβδ(r12) +∇α1∇β1 (1/r12)
)
µα1µ
β
2 , (49)
or
Hµµ =
(
δαβ − 3rαrβ/r2
r3
− 8pi
3
δαβδ(r)
)
µα1µ
β
2 . (50)
Thus, the differences in the dipole-dipole interactions of
the electric dipoles, and the magnetic dipoles, have to be
taken into account at development of theoretical field ap-
paratus.
Method of equations derivation
The Schro¨dinger equation defines wave function in the
3N-dimensional configuration space while physical pro-
cesses in systems that involve large number of parti-
cles occur in the three-dimensional physical space [83].
This is why a problem evolves obtaining of the quantum-
mechanical description of a system of particles in terms of
material fields, e.g. the particle concentration, the momen-
tum density, the energy density and other fields of various
tensor dimension that are defined in the three-dimension
space.
The first step in the many-particle QHD equation deriva-
tion is the definition of particles concentration. We de-
fine the quantum particles concentration as the quantum
average of the classic microscopic concentration in the
coordinate representation on many-particle wave function
ψ(R, t). Thus, the particles concentration explicit form to
be
n(r, t) =
∫
dR
∑
i
δ(r − ri)ψ∗(R, t)ψ(R, t),
where dR =
∏N
i=1 dri. Differentiating this function over
time and using the Schrodinger equation with the Hamil-
tonian (2), we derive the continuity equation (3). In the
continuity equation the new quantity appears, it is the par-
ticle current or momentum density. We differentiate this
quantity over time and use the Schrodinger equation with
the Hamiltonian (2). In the results we obtain the momen-
tum balance equation. In this way we can find an evolution
equation for any additive physical quantity, but we mast
know its definition. The definition of new physical quan-
tities appears at derivation of the QHD equation. Several
quantities appears at derivation of the momentum balance
equation (4), one of them is the polarization presented be-
low (51). Knowledge of the polarization definition gives
possibility to derive the equation of polarization evolution
(13) and so on.
In equations (4), (10) polarization occurs in the form of
Pα(r, t) =
∫
dR
∑
i
δ(r−ri)ψ∗(R, t)dˆαi ψ(R, t), (51)
where ri is the coordinate of i-th particle, dR =
∏N
p=1 drp.
In the right-hand side of equation (13), where is the
force-like field Fαβ(r, t) which gives rise to evolution of
the polarization current Rαβ(r, t). In general case, for
Fαβ(r, t), we can write:
Fαβ(r, t) = − 1
m
∂γΣ
αβγ(r, t)+
1
m
Dαγ(r, t)∂βEγ(r, t).
(52)
The tensor
Dαβ(r, t) =
∫
dR
∑
i
δ(r − ri)dαi dβi ψ∗(R, t)ψ(R, t),
(53)
occurs in the term that presents the dipole-dipole interac-
tion and an interaction of the dipole with an external elec-
trical field. This value can be approximately presented as
Dαβ(r, t) = σ
Pα(r, t)P β(r, t)
n(r, t)
, (54)
that based on the reasons of dimensions.
The SRI causes the tensor Σαβγ(r, t) to occur in the
equation (13). Taken at the first order by the interaction
radius it has the form
Σαβγ(r, t) = −1
2
∫
dR
∑
i,j 6=i
δ(r − Rij)
× r
β
ijr
γ
ij
rij
∂Uij
∂rij
ψ∗(R, t)dˆαi ψ(R, t). (55)
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Tensor Σαβγ(r, t) describes the influence of the SRI on
evolution of polarization. Formula (55) describes the SRI.
If we apply the procedure described in Ref. [14] to cal-
culate the quantum stress tensor, and neglect the contribu-
tion of the thermal effects, when Σαβγ(r, t), for the BEC,
takes the following form
ΣαβγBEC(r, t) = −
1
2
Υδβγn(r, t)Pα(r, t). (56)
Formula (56) is obtained for particles located in state with
the lowest energy, which can be described by one particle
wave function. However, this state may be the product of
strong interaction. Tensor Σαβγ(r, t), therefore, like the
quantum stress tensor σαβ(r, t) in the momentum balance
equation (4), depends on Υ at the first order by the interac-
tion radius [14].
APPENDIX B: DERIVATION OF THE NON-LINEAR
SCHR ¨ODINGER EQUATION
A derivation of GP equation was performed for non-
polarized particles from the QHD equations [14], here we
present one for particles having electric dipole moment.
The NLSE comes from the continuity equation (3) and the
Cauchy integral of the momentum balance equation (4).
The Cauchy integral exists if the velocity field can be ex-
pressed as
vα(r, t) =
1
m
∂αθ(r, t) (57)
where θ(r, t) is the velocity field potential.
Starting from the QHD equations we can derive an equa-
tion for evolution of a model function defined in terms of
hydrodynamic variables. Thus, the macroscopic single-
particle wave function may be defined as
Φ(r, t) =
√
n(r, t) exp
(
ı
~
mθ(r, t)
)
. (58)
If we differentiate this function with respect to time and
apply the QHD equations when we obtain
ı~∂tΦ(r, t) =
(
− ~
2
2m
∇2 + Γ(r, t) + g | Φ(r, t) |2
−
∫ r
r0
dr′
1
n(r′, t)
P β(r′, t)×
×∇′
∫
dr′′Gβγ(r′, r′′)P γ(r′′, t)
)
Φ(r, t), (59)
here we use designation Γ(r, t) described by formula
Γ(r, t) =
∫ r
r0
dr′
∇p(r′, t)
n(r′, t)
. (60)
Quantity Γ(r, t) can be considered as chemical potential
µ(r, t) and we use this below. The equation (59) has the
form of a NLSE. A NLSE with the DDI was obtained in
Ref. [23], where the sign ”-” was lost in front of integral
in formulas (A6) and (A8).
The NLSE (59) describes collective properties of the
many particles system. This follows from the derivation
of the NLSE and from the definition of the many-particle
wave function Φ(r, t) (58). Function Γ(r, t) (60) is the
contribution of the kinetic pressure and does not contain
any interaction.
If we introduce a function dα(r, t) as dα(r, t) =
Pα(r, t)/n(r, t) and if also we suppose that dα(r, t) is a
constant dα, when we obtain
ı~∂tΦ(r, t) =
(
− ~
2
2m
∇2 + µ(r, t) + g | Φ(r, t) |2
− dβdγ
∫
dr′Gβγ(r, r′)|Φ(r′, t)|2
)
Φ(r, t) (61)
from equation (59), we have used that n(r, t) = |Φ(r, t)|2.
At the temperature T equal to zero in external electric
field E0 all dipoles directed parallel to external field. If
E0 = E0ez we have d = d0ez. In this case in equation (61)
only one component of Green function Gβγ of the DDI
is nonzero, it is Gzz, which has following form Gzz =
(1−3z2/r2)/r3+4pi/3 ·δ(r). we obtain the GP equation
(1) presented in introduction at the absence of δ function
from (61) and using relation z2/r2 = cos2 θ.
The GP equation was obtained for the case of system of
parallel dipoles. We suppose it can be approximately used
for analyze of dipoles whose direction slowly changed in
space.
APPENDIX C
We consider the QHD equations for the spinning parti-
cles to present it’s difference from the QHD equations for
particles having electric dipole moment.
Contribution of magnetization M appears in the Euler
equation (4) instead of polarization P. The method of QHD
also allows to obtain equation of the magnetization evolu-
tion
∂tM
α(r, t) +∇βJαβM (r, t)
=
γ
~
εαβγMβ(r, t)Bβ(r, t), (62)
where JαβM arises. Vanishing by thermal motion we have
JαβM =M
αvβ .
For obtaining of the QHD equations we started from the
many-particle Schrodinger equation
ı~∂tψs(R, t) =
((∑
i
(
p2i
2mi
− γisˆαi Bαi(ext)
)
15
+
1
2
∑
i,j 6=i
(
Uij − γiγjGαβij sˆαi sˆβj
))
ψ
)
s
(R, t). (63)
where we include the short-range and spin-spin interac-
tions, and action of an external magnetic field on spin. In
the Schrodinger equation (63) we use following designa-
tions: γi is the gyromagnetic ratio, pi = −ı~∇i is the
operator of momentum, Uij presents the short-range inter-
action, the Green function of spin-spin interaction has form
Gαβij = 4piδαβδ(r12) +∇α1∇β1 (1/r12).
For spin matrixes sˆαi the commutation relations are
[sˆαi , sˆ
β
j ] = ıδijε
αβγ sˆγi .
Thereby we consider Bose particles we present here the
explicit form of the spin matrixes sˆαi for particles with spin
equal to 1:
sˆx =
1√
2

 0 1 01 0 1
0 1 0

 , sˆy = 1√2

 0 −ı 0ı 0 −ı
0 ı 0

 ,
sˆz =

 1 0 00 0 0
0 0 −1

 .
Derivation of the QHD equation from the Schrodinger
equation we start as usual from definition of the concen-
tration of particles in vicinity of a point r of the physical
space:
n(r, t) =
∑
s
∫
dR
∑
i
δ(r − ri)ψ+s (R, t)ψs(R, t),
where dR =
∏N
i=1 dri. We obtain equations analogous to(3) and (4), where magnetization M(r, t) appears instead
of polarization P(r, t).
The magnetization arise in the form
Mα(r, t) =
∑
s
∫
dR
∑
i
δ(r − ri)×
× γiψ+(R, t)s(sˆαi ψ(R, t))s. (64)
Differentiating magnetization (64) with respect to time and
using Schrodinger equation (63) we came to equation (62).
More details of obtaining of the QHD equations for spin-
ning particles are presented in Ref.s [23], [73].
We can perform derivation of a NLSE for spinning par-
ticles, in the result we obtain an equation analogous to
(59). In the case parallel spins we have following equa-
tion, where the difference between Green functions of the
spin-spin and the EDM interactions is accounted
ı~∂tΦ(r, t) =
(
− ~
2
2m
∇2 + µ(r, t) + g | Φ(r, t) |2
+µ20
∫
dr′
1− 3 cos2 θ′
|r − r′|3 |Φ(r
′, t)|2−8pi
3
µ20|Φ(r, t)|2
)
Φ(r, t).
(65)
Therefore, features of the spin-spin interaction give the
additional term in the GP equation for spinning particles,
which is the last term in equation (65). This term caused
by the long-range interaction, but it has form analogous to
the SRI.
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